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PERFECT SETS IN CAYLEY GRAPHS
YANPENG WANG, BINZHOU XIA, AND SANMING ZHOU
Abstract. In a graph Γ with vertex set V , a subset C of V is called an (a, b)-
perfect set if every vertex in C has exactly a neighbors in C and every vertex in
V \C has exactly b neighbors in C, where a and b are nonnegative integers. In the
literature (0, 1)-perfect sets are known as perfect codes and (1, 1)-perfect sets are
known as total perfect codes. In this paper we prove that, for any finite group G,
if a non-trivial normal subgroup H of G is a perfect code in some Cayley graph
of G, then it is also an (a, b)-perfect set in some Cayley graph of G for any pair of
integers a and b with 0 6 a 6 |H | − 1 and 0 6 b 6 |H | such that gcd(2, |H | − 1)
divides a. A similar result involving total perfect codes is also proved in the paper.
Key words: Cayley graph; perfect set; perfect code; equitable partition
Mathematics Subject Classification 2010: 05C25, 05E18, 94B25
1. Introduction
All groups considered in the paper are finite, and all graphs considered are finite,
undirected and simple. Let Γ be a graph with vertex set V . For a vertex v of Γ,
denote by Γ(v) the neighborhood of v in Γ, where two vertices are called neighbors
of each other if they are adjacent in the graph. A subset C of V is called a perfect
code [9] in Γ if every vertex of Γ is at distance no more than one to exactly one
vertex of C (in particular, C is an independent set of Γ). A subset C of V is said to
be a total perfect code [14] in Γ if every vertex of Γ has exactly one neighbor in C (in
particular, C induces a matching in Γ and so |C| is even). In the literature a perfect
code is also called an efficient dominating set [3] or independent perfect dominating
set [10], and a total perfect code is also called an efficient open dominating set [7].
As a generalization of perfect and total perfect codes in a graph, the following
notion was introduced in [1] and further studied in [2].
Definition 1.1. Let Γ be a graph with vertex set V , and let a and b be nonnegative
integers. A nonempty proper subset C of V is called an (a, b)-perfect set in Γ if
|Γ(v) ∩ C| = a for each v ∈ C and |Γ(v) ∩ C| = b for each v ∈ V \ C. An (a, b)-
perfect set is simply called a perfect set if the parameters a and b are not important
in the context.
In particular, a (0, 1)-perfect set in Γ is exactly a perfect code in Γ, and a (1, 1)-
perfect set in Γ is exactly a total perfect code in Γ.
It is not difficult to see that perfect sets in a regular graph are precisely equitable
partitions of the graph into two parts. In general, a partition V = {V1, V2, . . . , Vr}
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of the vertex set of a graph Γ is said to be equitable [5, §9.3] if there exists an
r× r matrix M = (mij) such that for any i, j ∈ {1, 2, . . . , r}, every vertex in Vi has
exactly mij neighbors in Vj. The matrix M is called the quotient matrix [1] of the
partition V. If Γ is a connected k-regular graph, then M has all row sums equal to
k, and so k is a simple eigenvalue of M [5, Theorem 9.3.3]. The equitable partition
V of Γ is said to be µ-equitable [1] if all eigenvalues of its quotient matrix M other
than k are equal to µ. It is shown in [1, Corrollary 2.3] that a non-trivial coarsening
of a µ-equitable partition is µ-equitable. Thus it is especially important to study
equitable partitions with exactly two parts, and for regular graphs such partitions
are precisely perfect sets in the graph. In fact, it can be verified (see also [2]) that
for a connected k-regular graph Γ with vertex set V , a nonempty proper subset C
of V is an (a, b)-perfect set in Γ if and only if {C, V \ C} is a µ-equitable partition
of Γ, where a, b and µ are related by
a = ((k − µ)|C|+ µ|V |)/|V |
and
b = ((k − µ)|C|)/|V |.
(This can be proved using the fact that the quotient matrix of any µ-equitable
partition of Γ has trace k + µ and that |C|(k − a) = (|V | − |C|)b for any (a, b)-
perfect set C in Γ.) In particular, any regular graph Γ admitting an (a, b)-perfect
set must have a − b as an eigenvalue (see also [2]), because all eigenvalues of the
quotient matrix of any equitable partition of Γ are also eigenvalues of Γ (see [5,
Theorem 9.3.3]). This generalizes the well-known result that any regular graph
admitting a perfect code should have −1 as an eigenvalue (see [5, Lemma 9.3.4]).
Perfect codes in Cayley graphs have attracted special attention [4, 6, 8, 12, 13]
since they are generalizations of perfect codes under the Hamming and Lee metrics
and are closely related to factorizations and tilings of groups. Denote by e the
identity element of the group under consideration. For a group G and an inverse-
closed subset S of G \ {e}, the Cayley graph Cay(G, S) of G with connection set S
is defined to be the graph with vertex set G such that x, y ∈ G are adjacent if and
only if yx−1 ∈ S. It was observed in [8] that subgroups of a given group which are
perfect codes in some Cayley graphs of the group are particularly interesting since
they are an analogue of perfect linear codes in the classical setting of coding theory.
In general, if a subset C of G is a (total) perfect code in some Cayley graph of G,
then C is called a (total) perfect code of G [8]. Subgroups which are also perfect
codes of the group were studied in [8], and a characterization of those groups whose
subgroups are all perfect codes of the group was given in [11]. In [8, Theorem 2.2],
it was proved that a normal subgroup H of G is a perfect code of G if and only if
(1) for any g ∈ G with g2 ∈ H , there exists h ∈ H such that (gh)2 = e,
and that H is a total perfect code of G if and only if (1) holds and |H| is even.
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Generalizing the concept of perfect codes of a group, we call a subset C of a group
G an (a, b)-perfect set of G if C is an (a, b)-perfect set in some Cayley graph of G.
Thus a perfect code of G is precisely a (0, 1)-perfect set of G, and a total perfect
code of G is precisely a (1, 1)-perfect set of G. In line with the study in [8], it is
nature to ask when a normal subgroup of a group is an (a, b)-perfect set of the group.
We answer this question in this paper by proving the following theorem which is the
main result of the paper.
Theorem 1.2. Let G be a group and let H be a non-trivial normal subgroup of G.
Then the following statements are equivalent:
(a1) G and H satisfy condition (1);
(a2) H is a perfect code of G;
(a3) H is an (a, b)-perfect set of G for every pair of integers a and b with 0 6 a 6
|H| − 1 and 0 6 b 6 |H| such that gcd(2, |H| − 1) divides a.
And the following statements are also equivalent:
(b1) G and H satisfy condition (1), and |H| is even;
(b2) H is a total perfect code of G;
(b3) H is an (a, b)-perfect set of G for every pair of integers a and b with 0 6 a 6
|H| − 1 and 0 6 b 6 |H|.
The equivalence of (a1) and (a2) and that of (b1) and (b2) have been proved in [8,
Theorem 2.2]. So the essence of Theorem 1.2 lies in that (a2) implies (a3) and (b2)
implies (b3). Moreover, as will be seen in Construction 3.3, based on an inverse-
closed subset S0 of G \ {e} such that Cay(G, S0) admits H as a perfect code, we
will give a construction of an inverse-closed subset S of G \ {e} such that Cay(G, S)
admits H as an (a, b)-perfect set. A construction of an inverse-closed subset S0 of
G \ {e} such that Cay(G, S0) admits a given normal subgroup H satisfying (1) as a
perfect code was given in the proof of [8, Theorem 2.2]. Combining this construction
with Construction 3.3, we can construct an inverse-closed subset S of G \ {e} such
that Cay(G, S) admitsH as an (a, b)-perfect set, for any non-trivial normal subgroup
H of G satisfying (1) and every pair of integers a and b as in (a3).
The condition that H is normal in G will be used in our proof of Theorem 1.2.
However, we do not know any example of a non-normal subgroup H of a group
G such that the equivalence of (a1) and (a2) or that of (b1) and (b2) fails. This
prompts us to ask the following question.
Question 1.3. Is it still true that (a1) and (a2) in Theorem 1.2 are equivalent if
the subgroup H of G is not normal? Is it still true that (b1) and (b2) in Theorem
1.2 are equivalent if the subgroup H of G is not normal?
The rest of the paper is structured as follows. In the next section we will prove
a lemma which will be used in the proof of Theorem 1.2. In Section 3, we will
establish some general results on subgroup perfect codes in Cayley graphs and prove
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Theorem 1.2 at the end of the section. We will conclude the paper with examples
and remarks in Section 4.
2. A lemma
As usual, for a group G, denote by Z[G] the group ring of G over Z. For a subset
A of group G, denote
A =
∑
g∈G
µA(g)g ∈ Z[G],
where
µA(g) =
{
1, g ∈ A;
0, g ∈ G \ A.
In [8, Lemma 2.10], a characterization of perfect codes and total perfect codes in
Cayley graphs was given in the language of group rings. The following lemma
extends this result to the general case of (a, b)-perfect sets.
Lemma 2.1. Let G be a group, C a subset of G, and S an inverse-closed subset
of G \ {e}. Let a and b be nonnegative integers. Then the following statements are
equivalent:
(a) C is an (a, b)-perfect set in Cay(G, S);
(b) |Sx ∩ C| = a for each x ∈ C and |Sx ∩ C| = b for each x ∈ G \ C;
(c) S · C = aC + bG \ C;
(d) S · C + (b− a)C = bG.
Proof. It is clear that (a) and (b) are equivalent and (c) and (d) are equivalent.
Since S is inverse-closed, we have
S · C =
∑
s∈S
∑
c∈C
sc
=
∑
x∈G
∑
(s,c)∈S×C,sc=x
x
=
∑
x∈G
∑
c∈C,xc−1∈S
x
=
∑
x∈G
∑
c∈C,c∈S−1x
x
=
∑
x∈G
|S−1x ∩ C|x
=
∑
x∈G
|Sx ∩ C|x
=
∑
x∈C
|Sx ∩ C|x+
∑
x∈G\C
|Sx ∩ C|x.
PERFECT SETS IN CAYLEY GRAPHS 5
Note that (b) holds if and only if∑
x∈C
|Sx ∩ C|x = aC and
∑
x∈G\C
|Sx ∩ C|x = bG \ C.
It follows that (b) and (c) are equivalent. This completes the proof. 
Since a (0, 1)-perfect set is precisely a perfect code, in the special case when
(a, b) = (0, 1), Lemma 2.1 gives rise to the following known result.
Corollary 2.2. ([8, Lemma 2.10]) Let G be a group, C a subset of G, and S an
inverse-closed subset of G \ {e}. Then C is a perfect code in Cay(G, S) if and only
if S ∪ {e} · C = G.
3. Subgroup perfect sets
We use the notation ⊔ for the union of disjoint sets. For example, A ⊔ B is the
union of disjoint sets A and B, and ⊔ni=1Ai is the union of pairwise disjoint sets
A1, A2, . . . , An.
Lemma 3.1. Let G be a group, H a subgroup of G, and S an inverse-closed subset
of G \ {e}. Let a and b be nonnegative integers. Then H is an (a, b)-perfect set in
Cay(G, S) if and only if |S ∩H| = a and S \H ·H = bG \H.
Proof. According to Lemma 2.1, H is an (a, b)-perfect set in Cay(G, S) if and only
if S ·H = aH + bG \H. Since S = (S ∩H)⊔ (S \H) and h ·H = H for all h ∈ H ,
we have
S ·H = (S ∩H + S \H) ·H
= S ∩H ·H + S \H ·H = |S ∩H|H + S \H ·H.
Thus the result follows. 
Lemma 3.2. Let G be a group, H a subgroup of G, and S an inverse-closed subset
of G \ {e}. Let a and b be nonnegative integers. Suppose that H is a perfect code in
some Cayley graph Cay(G, S0) of G. Then H is an (a, b)-perfect set in Cay(G, S) if
and only if |S ∩H| = a and S \H ·H = b S0 ·H.
Proof. Since H is a perfect code in Cay(G, S0), we derive from Corollary 2.2 that
G = S0 ∪ {e} ·H = S0 ·H +H.
Hence
G \H = G−H = S0 ·H.
This together with Lemma 3.1 implies that H is an (a, b)-perfect set in Cay(G, S)
if and only if |S ∩H| = a and S \H ·H = b S0 ·H . 
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Construction 3.3. Given a group G, a normal subgroup H of G, an inverse-closed
subset K of H \ {e}, a nonnegative integer b 6 |H| and an inverse-closed subset S0
of G \ {e} such that H is a perfect code in Cay(G, S0), construct a subset S of G as
follows.
Write
H = {h1, h2, . . . , hd}
and
S0 = {s1, s2, . . . , s2m−1, s2m, s2m+1, . . . , sn},
where d = |H|, n = |S0|, s
−1
i = s2m+1−i for i = 1, 2, . . . , 2m and s
−1
j = sj for
j = 2m+ 1, 2m+ 2, . . . , n. For j = 2m+ 1, 2m+ 2, . . . , n, write
sjH = {uj,1, u
−1
j,1 , uj,2, u
−1
j,2 , . . . , uj,αj , u
−1
j,αj
, vj,1, vj,2, . . . , vj,βj}
with |uj,k| > 2 for k = 1, 2, . . . , αj, |vj,ℓ| = 2 for ℓ = 1, 2, . . . , βj and vj,1 = sj (in
particular, 2αj + βj = d). For i = 1, 2, . . . , b, let
(2) Si = {s1hi, s2hi, . . . , smhi, (smhi)
−1, . . . , (s2hi)
−1, (s1hi)
−1}.
For j = 2m+ 1, . . . , n, let
Tj =


{
uj,1, u
−1
j,1 , uj,2, u
−1
j,2 , . . . , uj,αj , u
−1
j,αj
, vj,1, vj,2, . . . , vj,b−2αj
}
if b > 2αj ;{
uj,1, u
−1
j,1 , uj,2, u
−1
j,2 , . . . , uj, b−1
2
, u−1
j, b−1
2
, vj,1
}
if b 6 2αj and 2 ∤ b;{
uj,1, u
−1
j,1 , uj,2, u
−1
j,2 , . . . , uj, b
2
, u−1
j, b
2
}
if b 6 2αj and 2 | b.
Let
(3) S = K ∪
(
b⋃
i=1
Si
)
∪
(
n⋃
j=2m+1
Tj
)
.
Theorem 3.4. In the notation of Construction 3.3, the following hold:
(a) |Si| = 2m for i = 1, 2, . . . , b;
(b) |Tj | = b for j = 2m+ 1, 2m+ 2 . . . , n;
(c) S = K ⊔
(⊔b
i=1 Si
)
⊔
(⊔n
j=2m+1 Tj
)
;
(d) S is an inverse-closed subset of G \ {e};
(e) H is a (|K|, b)-perfect set in Cay(G, S).
Proof. It is clear from Construction 3.3 that |Tj | = b and Si, Tj andK are all inverse-
closed subsets of G \ {e} for i = 1, 2, . . . , b and j = 2m + 1, 2m + 2, . . . , n. Thus
statement (b) holds, and S is an inverse-closed subset of G \ {e}, as statement (d)
asserts.
Since H is a perfect code in Cay(G, S0), Corollary 2.2 implies that S0 ∪ {e} is an
inverse-closed left transversal of H in G. For r = 1, 2, . . . , m and i = 1, 2, . . . , b, we
have
(4) (srhi)
−1 = h−1i s
−1
r ∈ Hs
−1
r = s
−1
r H = s2m+1−rH.
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Hence the elements s1hi, s2hi, . . . , smhi, (smhi)
−1, . . . , (s2hi)
−1, (s1hi)
−1 are in pair-
wise distinct left cosets s1H, s2H, . . . , s2m−1H, s2mH . As a consequence we obtain
that
s1hi, s2hi, . . . , smhi, (smhi)
−1, . . . , (s2hi)
−1, (s1hi)
−1
are pairwise distinct, which implies that |Si| = 2m, proving statement (a). Moreover,
for i = 1, 2, . . . , b, we have
(5) Si ⊆
2m⋃
r=1
srH
and
(6) Si ∩ (srH) =
{{
srhi
}
for r = 1, 2, . . . , m;{
(s2m+1−rhi)
−1
}
for r = m+ 1, m+ 2, . . . , 2m.
Note that K ⊆ H and Tj ⊆ sjH for j = 2m+ 1, . . . , n. We derive from (5) that
(7) S = K ⊔
(
b⋃
i=1
Si
)
⊔
(
n⊔
j=2m+1
Tj
)
.
Since srhi 6= srhj for r = 1, 2, . . . , n and distinct i, j in {1, 2, . . . , d}, it follows
from (5) and (6) that
Si ∩ Sj =
(
Si ∩
(
2m⋃
r=1
srH
))
∩
(
Sj ∩
(
2m⋃
r=1
srH
))
=
2m⋃
r=1
(
(Si ∩ srH) ∩ (Sj ∩ srH)
)
=
(
m⋃
r=1
(
(Si ∩ srH) ∩ (Sj ∩ srH)
))
∪
(
2m⋃
r=m+1
(
(Si ∩ srH) ∩ (Sj ∩ srH)
))
=
(
m⋃
r=1
(
{srhi} ∩ {srhj}
))
∪
(
2m⋃
r=m+1
(
{(s2m+1−rhi)
−1} ∩ {(s2m+1−rhj)
−1}
))
=
(
m⋃
r=1
∅
)
∪
(
2m⋃
r=m+1
∅
)
= ∅.
Thus
⋃b
i=1 Si =
⊔b
i=1 Si. This together with (7) proves statement (c).
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For i = 1, 2, . . . , b, by (4) and the construction of Si we have
Si ·H =
(
m∑
r=1
srhi +
m∑
r=1
(srhi)
−1
)
·H
=
m∑
r=1
srhiH +
m∑
r=1
(srhi)
−1H
=
m∑
r=1
srH +
m∑
r=1
s2m+1−rH
=
2m∑
r=1
srH.
Hence
(8)
b∑
i=1
Si ·H =
b∑
i=1
2m∑
r=1
srH = b
2m∑
r=1
srH.
For j = 2m + 1, . . . , n, we derive from the construction of Tj that the elements of
Tj are all in sjH , whence
Tj ·H = |Tj|sjH = bsjH.
It follows that
(9)
n∑
j=2m+1
Tj ·H =
n∑
j=2m+1
(
bsjH
)
= b
n∑
j=2m+1
sjH.
Since S ∩H = K, we deduce from statement (c) that
S \H =
(
K ⊔
(
b⊔
i=1
Si
)
⊔
(
n⊔
j=2m+1
Tj
))
\H =
(
b⊔
i=1
Si
)
⊔
(
n⊔
j=2m+1
Tj
)
.
This together with (8) and (9) shows that
S \H ·H =
(
b∑
i=1
Si +
n∑
j=2m+1
Tj
)
H
=
b∑
i=1
Si ·H +
n∑
j=2m+1
Tj ·H
= b
2m∑
r=1
srH + b
n∑
j=2m+1
sjH
= b
n∑
k=1
skH
= b S0 ·H.
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Thus, since H is a perfect code in Cay(G, S0) and S ∩H = K, Lemma 3.2 implies
thatH is a (|K|, b)-perfect set in Cay(G, S), as statement (e) asserts. This completes
the proof. 
Corollary 3.5. Let G be a group, and let H be a normal subgroup of G. If H is
a perfect code of G, then H is an (a, b)-perfect set of G for every pair of integers a
and b with 0 6 a 6 |H| − 1 and 0 6 b 6 |H| such that gcd(2, |H| − 1) divides a.
Proof. If |H| is odd, then H \ {e} is partitioned into pairs of elements that are
inverses of each other, and so H \ {e} has an inverse-closed subset of size a for each
even integer 0 6 a 6 |H| − 1. If |H| is even, then there exists an involution in H ,
and so H \{e} has an inverse-closed subset of size a for each integer 0 6 a 6 |H|−1.
Since by our assumption H is a perfect code of G, we may take an inverse-closed
subset S0 of G \ {e} such that H is a perfect code in Cay(G, S0). Let a and b be
integers such that 0 6 a 6 |H| − 1, 0 6 b 6 |H| and gcd(2, |H| − 1) divides a.
Note that a is even if |H| is odd, as gcd(2, |H| − 1) divides a. We conclude that
there exists an inverse-closed subset K of H \ {e} with |K| = a. Now let S be as
in Construction 3.3. Then Theorem 3.4 ensures that H is an (a, b)-perfect set in
Cay(G, S). This completes the proof. 
We are now in a position to prove Theorem 1.2.
Proof of Theorem 1.2. The equivalence of (a1) and (a2) has been proved in [8, The-
orem 2.2]. Corollary 3.5 shows that (a2) implies (a3). On the other hand, (a3)
implies (a2) since perfect codes are (0, 1)-perfect sets. Thus statements (a1), (a2)
and (a3) are equivalent.
Again, the equivalence of (b1) and (b2) has been proved in [8, Theorem 2.2].
Suppose that (b2) holds. Then (a1) holds and |H| is even. By the equivalence
of (a1), (a2) and (a3) as shown above, we then infer that (a3) holds. As |H| is
even, we have gcd(2, |H| − 1) = 1. Thus (a3) leads to (b3). This shows that (b2)
implies (b3). On the other hand, suppose that (b3) holds. Then in particular H is a
(1, 1)-perfect set of G. That is, H is a total perfect set of G. Hence (b3) implies (b2).
So (b2) and (b3) are equivalent. Therefore, statements (b1), (b2) and (b3) are all
equivalent, completing the proof. 
4. Examples and remarks
We illustrate Construction 3.3 by the following example.
Example 4.1. Let G = 〈x, y | x10 = e, y2 = x5, y−1xy = x−1〉 be the generalized
quaternion group of order 20. Let H = 〈x2〉 = {e, x2, x−2, x4, x−4}, K = {x2, x−2}
and S0 = {y, y
−1, x5}. Then H is a normal subgroup of G, K is an inverse-closed
subset of H \ {e}, and by Corollary 2.2, H is a perfect code in Cay(G, S0). Using
Construction 3.3, we now construct an inverse-closed subset S of G \ {e} such that
H is a (2, 3)-perfect set in Cay(G, S).
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Write s1 = y, s2 = y
−1 and s3 = x
5 so that S0 = {s1, s2, s3}. By (2), we have
S1 = {s1, s
−1
1 } = {y, y
−1},
S2 = {s1x
2, (s1x
2)−1} = {x8y, (x8y)−1},
and
S3 = {s1x
4, (s1x
4)−1} = {x6y, (x6y)−1}.
Since s3H = x
5H = xH , we have s3H = {x, x
−1, x3, x−3, x5} and T3 = {x, x
−1, x5}.
So (3) yields
S = K ∪ (S1 ∪ S2) ∪ T3 = {x
2, x−2, y, y−1, x8y, (x8y)−1, x6y, (x6y)−1, x, x−1, x5}.
Finally, by Theorem 3.4, S is an inverse-closed subset of G \ {e} and H is a (2, 3)-
perfect set in Cay(G, S). 
It may happen that a normal subgroup of a group is an (a, b)-perfect set of the
group for some (but not all) pairs of integers a and b as in (a3) (respectively, (b3))
of Theorem 3.4 but is not a perfect code (respectively, total perfect code) of the
group. We illustrate this by the following two examples.
Example 4.2. Let Q8 = {1,−1, i,−i, j,−j, k,−k} be the quaternion group. By
Lemma 3.1, the normal subgroup H = 〈i〉 = {1,−1, i,−i} of Q8 is a (1, 2)-perfect set
in Cay(Q8, {−1, j,−j}) and a (2, 2)-perfect set in Cay(Q8, {i,−i, j,−j}). However,
using [8, Theorem 2.2], one can verify that H is not a perfect code of Q8.
Example 4.3. Let G = 〈x, y | x8 = e, y2 = x4, y−1xy = x−1〉 be the gener-
alized quaternion group of order 16. Then H = 〈x2〉 is a normal subgroup of
G. By Lemma 3.1, we see that H is a (2, 2)-perfect set in Cay(G, S), where
S = {x2, x−2, x, x−1, y, y−1, xy, (xy)−1}. However, by [8, Theorem 2.2] we can show
that H is not a total perfect code of G.
Remark 4.4. Let G be a group and H a subgroup of G. The following statements
are immediate corollaries of Lemma 3.1:
(a) For every integer a with 0 6 a 6 |H| − 1 such that gcd(2, |H| − 1) divides a,
H is an (a, |H|)-perfect set of G;
(b) if H is an (a, b)-perfect set of G for some pair of integers a and b, then it is
also an (a, |H| − b)-perfect set of G.
In fact, we obtain (a) by replacing S in Lemma 3.1 by the union of G \S and any
inverse-closed subset of size a in H . Similarly, we obtain (b) by replacing S with
(S ∩H) ∪ (G \ (S ∪H)) in Lemma 3.1.
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